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Abstract

Adaptive coded modulation (ACM) is a promising tool for increasing the spectral efficiency on time-

varying mobile channels while keeping a predictable bit error rate. An important restriction in systems

with such a transmission scheme is that the transmitter needs to have accurate channel state information

(CSI). Earlier analysis of ACM systems usually assume that the transmitter has perfect knowledge of the

channel, or that the CSI is accurate but outdated. In this paper, we investigate the effects of predicting the

CSI using a linear fading envelope predictor, in order to enhance the performance of an ACM system.

For the case when multidimensional trellis codes are used on Rayleigh fading channels, we obtain

approximative closed-form expressions for bit error rate and average spectral efficiency. Numerical

examples are given for the case of Jakes correlation profile and maximum a posteriori-optimal predictor

coefficients.
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Index Terms

(1) Fading Channels, (2) Adaptive Modulation, (3) Channel Estimation, (4) Antenna Diversity

I. I NTRODUCTION

Wireless radio communication is frequently perturbed by multipath fading. A flexible model

for such fading isNakagami multipath fading(NMF) [1]. The much-usedRayleighfading model,

which will be assumed throughout this paper, is a special case of NMF. One way of coping with

the varying channel quality resulting from NMF in general and Rayleigh fading in particular is by

employing adaptive coded modulation (ACM) [2]–[5]. An important restriction in ACM systems

is that the transmitter needs to have accurate channel state information (CSI). Earlier analysis of

ACM systems usually assume that the transmitter has perfect knowledge of the channel, or that

the CSI is accurate but outdated. In a practical ACM scheme, the CSI will have to be estimated

at the receiver and then fed back to the transmitter. The estimation will not be perfect, and there

will be some nonzero and possibly time-varying delay in the feedback channel. In this paper,

we obtain closed-form expressions describing how estimation error and feedback delay affect

some key performance measures of an ACM system.1

To improve the reliability of signal detection, pilot symbols can be inserted regularly into

the data stream. This technique is called pilot symbol assisted modulation (PSAM) [6]–[8].

PSAM is also well suited for channel estimation in an ACM system. The requirements of the

estimation technique are then slightly different from the signal detection case. Specifically, a

channelpredictorshould be implemented by estimating the channel signal-to-noise ratio (CSNR)

at the time in the future when it will be used. This way, the system takes into account the feedback

delay.

A system as shown in Fig. 1 (baseband model) is assumed from now on. The figure also covers

the case where the receiver has more than one receive antenna, enabling a potentialdiversity

combining gain[9, Ch. 6]

When performing discrete rate adaptation by switching between theN available transmit-

ter–receiver pairs, the transmitter must rely on the accuracy of CSI periodically fed back from

1Note that the “feedback delay” does not consist of the actual transmission delay only; it will also incorporate the time it

takes to perform the estimation and the processing time needed by the transmitter to activate the transmission mode that should

be employed. For simplicity, the sum of these delays is referred to as feedback delay.
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the receiver end. The CSI in practice provides information about the CSNRas predicted at the

receiverat the timet of signal reception. Thetrue channel quality at the transmitter update time

t + τ , whereτ is the return channel delay, may therefore deviate from the value available to

the transmitter. Thus the transmitter may make the wrong assumption about the channel quality

and transmit at a too high or too low rate. This may lead to changes in average bit error rate

(BER) and average spectral efficiency(ASE) compared to the case of perfect CSI. Exactly

what kind of changes that will occur depends on several factors, the most important being the

fading correlation, the feedback delayτ , the average channel quality, the number of codes/signal

constellations used (i.e., the degree of adaptivity), and how the CSNR is predicted. In this paper

we will analyze how these factors influence the BER and the ASE.

The rest of the paper is organized as follows: In Section II, an in-depth description of the

system model is given. Section III discusses linear pilot symbol assisted channel prediction.

Section IV analyzes some key features of the system (ASE and BER) for an arbitrary linear

prediction algorithm. In Section V, the predictor which is optimal in themaximum a posteriori

(MAP) sense is introduced, and properties that are necessary to perform the analysis of the

system are derived. Section VI concerns experiments on a certain example set of codes. Finally,

the contributions of the paper are summarized in Section VII.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Denoting the transmitted complex baseband signal (after pilot symbol insertion) at time index

k by x(k), the received signal after transmission on a flat-fading channel can be written as

y(k) = z(k) · x(k) + n(k). For a system with antenna diversity like the one suggested in

Fig. 1, the received signal on thehth subchannel is denoted asyh(k) = zh(k) · x(k) + nh(k).

Here, the random variable (RV)zh(k) is the complex fading amplitude, andnh(k) is complex-

valued additive white Gaussian noise (AWGN) with statistically independent real and imaginary

components.x(k) is the information signal, except for time instantsk = pL (p ∈ Z, L ∈ Z+),

when thepilot symbolsare transmitted. The value ofL has to be determined as a trade-off

between the requirement for adequate sampling of the fading process, calling for a smallL,

and the requirement for high spectral efficiency, calling for a largeL. We assume that all pilot

symbols have the same absolute value,|x(pL)| = ap. The pilot symbols will in practice often

be modulated according to a pseudo-random sequence, in order to avoid spectral peaks (see for
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instance [10, Sec. 4.5]).

To be able to represent the results in closed-form, it is assumed that each subchannel is

perturbed by flat Rayleigh fading, which is a special case of NMF with Nakagami parameterm =

1 [9, p. 53]. Then,zh(k) is a complex-valued Gaussian variable with zero mean. Furthermore,

each subchannel is assumed to be wide-sense stationary (WSS). The fading powerΩ = E[|zh|2]

is therefore time-invariant and the autocorrelation ofzh measured at two different time indices

k1 and k2 is only dependent on the time difference. Note that although the well-knownJakes

spectrumwill be used in our numerical results later in the paper, our analytical framework will

not place any constraints on the actual shape of the autocorrelation sequence and corresponding

Doppler spectrum.

Furthermore, a constant average transmit powerP [W] and a one-sided power spectral density

N0 [W/Hz] of the complex AWGN in every subchannel are assumed. For a one-sided information

bandwidthB [Hz] the received instantaneous CSNR on subchannelh at a given timek is then

γh(k) =
|zh(k)|2 · P

N0B
, (1)

with expected valueE[γh] = γ̄h = ΩP/(N0B).

In addition to the time-invariance assumptions, it is also assumed that the subchannels are

statistically independent and identically distributed. The fading powerΩ is therefore independent

of h, as is the expectation̄γh. However, the latter is indexed byh anyway to indicate that this

is not theoverall expected CSNR on the channel.

Under the assumption ofH statistically independent antenna branches, maximal ratio com-

bining (MRC) can be implemented in the receiver. The overall received CSNR at timek will

then be [9, Sec. 6.3]:

γ(k) =
H∑

h=1

γh(k). (2)

On a Rayleigh fading channel,γh(k) is exponentially distributed. It can be shown [11] thatγ(k)

after MRC is gamma-distributed with a shape parameterH and expectationHγ̄h. In practice,

this means that the overall channel with MRC behaves like an NMF channel with Nakagami

parameterm = H and fading powerHΩ.

In an ACM system like the one depicted in Fig. 1, the adaptive coder/modulator has available

a set ofN transmitter–receiver pairs, denoted as transmitter–receiver pairn = 1, . . . , N . Trans-

mitter n has a rate ofRn information bits per symbol, such thatR1 < R2 < · · · < RN . The
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CSNR range is split intoN + 1 CSNR intervals, as depicted in Fig. 2, and transmitter–receiver

pair n is to be used when CSNRγ falls in the interval[γn, γn+1〉. In most ACM references,

γn is—for eachn = 1, . . . , N—chosen as the lowest CSNR necessary for transmitter–receiver

pair n to be able to operate at a BER below the designer-specified target bit error rate, BER0,

at transmit powerP on an AWGN channel. However, we stress that the theoretical analysis in

this paper does not depend on the CSNR intervals being chosen according to this criterion. In

our numerical examples, however, this is assumed.

Letting γ0 = 0 andγN+1 = ∞ will result in γn+1 > γn for all n ∈ {0, . . . , N}. No available

transmitter–receiver pair satisfies the BER requirement when the CSNR is lower than interval

γ1; hence, no information is transmitted whenγ falls in the interval [0, γ1〉, and there will

consequently be an outage during which information must be buffered at the transmitter end.

For a more thorough introduction to how the ACM system operates, see for instance [5], [12].

The transmitter needs CSI in order to select the best code, and this is accomplished by letting

the transmitter perform periodical prediction of the CSNR, at a rate equal to (at least) the

highest possible transmitter adaptation rate. Here we will assume that the CSNR is predicted

and transmitted back to the transmitter every time a new pilot symbol arrives. The return channel

delay (here understood as the time delay between the time of CSNR prediction and the closest

subsequent time of allowed transmitter update) is assumed to be an integer number of pilot

symbol intervals, i.e.,τ = kLTs, wherek ∈ Z+ is the number of pilot symbol intervals and

Ts [s] is the duration of one channel symbol. Finally, the return channel is assumed to be free

of errors.

As a final comment we note that channelprediction is only necessary for the CSI which is

fed back to the transmitter. For the actual signal detection in the receiver, the signal may be

buffered before detection (assuming that a certain receiver delay is acceptable, such as in data

transmission)—cf. Fig. 1. CSI estimation can then be accomplished using an optimal non-causal

Wiener interpolator filter [6]–[8], [13], which will smooth the noise and improve CSI reliability

beyond what can be achieved by a predictor, and allow for true coherent detection to be used.

We therefore assume perfect coherent detection in the receiver.
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III. L INEAR PILOT SYMBOL ASSISTEDCHANNEL PREDICTION

For any pilot symbol time instanti − kL (i = pL, p ∈ Z; k ∈ {0, 1, 2 . . . }), divide the

noisy signal received on each subchannel by the known pilot symbol value. The result can be

interpreted as a memoryless maximum-likelihood (ML) estimate ofzh(i − kL) based on one

received observation [14]:

z̃h(i− kL) = zh(i− kL) +
nh(i− kL)

ap

. (3)

The two terms are statistically independent and are also both zero-mean complex Gaussian,

so their sum is a complex Gaussian with variance equal to the sum of their variances. Let us

assume that a transmit update is desiredj channel symbols ahead in time of the last received

pilot symbol, i.e., at timei+j. This means that we should predict the channel fading at this time

instant. Throughout the paper we will limitj to be an integer number of pilot symbol periods,

i.e., j = qL for q ∈ {0, 1, 2, . . .}, i.e. we predict the channel only in pilot symbol instants. This

is not a restrictive assumption, since a pilot symbol should be transmitted at least every 10th to

20th symbol (this will be demonstrated in Section V-B).

A prediction of z(i + j) can be made from theK memoryless ML estimates given by (3).

Here, K ∈ Z+ is a designer-chosen constant. Since we are dealing with complex Gaussian

processes, the optimal fading envelope predictor in the MAP (and ML) sense is known to be

a linear function of these observations [15]. We therefore restrict our study to linear prediction

from now on.

Allowing for complex predictor filter coefficients,any linear predictor of orderK can be

written on the form

ẑh(i + j) =
K−1∑
k=0

f ∗j,h(k) · z̃h(i− kL) = fH
j,hz̃h,i, (4)

wherefH
j,h = [f ∗j,h(0), . . . , f ∗j,h(K − 1)] is the predictor filter coefficient vector corresponding to

subchannelh and delayj, and where

z̃h,i = [z̃h(i), z̃h(i− L), . . . , z̃h(i− (K − 1)L)]T (5)

is the vector of theK memoryless ML estimates of the complex fading amplitude, in theK last

pilot symbol instants.
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The optimal filter coefficient vector shall be stated in Section V; for the moment, we just

assume that the coefficient vector is known. Due to the WSS assumption, the time indexi will

from now on be omitted when referring tõzh,i and other vectors where it is applicable.

It can be shown [8], [11] that the predicted fading envelope is described by the Rayleigh

distribution with powerE[α̂2
h] = Ω̂ = rΩ for some constantr which depends on the predictor

coefficients. Expressions forr will be provided for the general case in the Appendix, and for

the MAP-optimal case in Section V.

A. Maximal Ratio Combining

As discussed in Section II, the receiver will implement MRC. The composite channel will then

consequently behave like a Nakagami-H channel, and the true CSNR will be gamma-distributed

with shape parameterH and expectation̄γ = E[γ] = Hγ̄h. Since the receiver implements MRC,

a reasonable prediction of the squared overall channel gain is as follows:

α̂2 =
H∑

h=1

α̂2
h. (6)

Again, as was the case for the actual effective channel gain, we have a sum of squared Gaussian

RVs. The effective predicted channel gain hence obeys a Nakagami-H distribution withE[α̂2] =

HΩ̂ = rHΩ. The predicted overall CSNR̂γ = α̂2P
N0B

is then gamma-distributed with shape

parameterH and expectation

E[γ̂] = ¯̂γ = H ¯̂γh = rHγ̄h. (7)

Hence, the true and the expected CSNR are both gamma-distributed. The parameterr can be

viewed both as the ratio between the expectation of the predicted and the true subchannel CSNR

and as the ratio between the squared mean (variance) of the predicted and the true complex

fading amplitude. It follows from the definition that the ratior is independent of the number of

receive antennas.

B. Correlation Coefficient

An important factor affecting the error performance in an ACM system is the correlation

between the predicted and the true CSNR. The BER expressions which will be developed in the
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next section will be functions of the normalized correlation coefficientρ between the predicted

and the true CSNR, i.e.,

ρ =
Cov(γ̂, γ)√

Var(γ̂) Var(γ)
=

E[α̂2α2]−H2Ω2r

HΩ2r
. (8)

Additionally, it can be shown [11], [16] that the overall correlation coefficient is the same as the

correlation coefficient for the channel between the transmitter and any of theH receive antennas.

It follows that ρ may be expressed as

ρ =
E[α̂2

hα
2
h]− Ω2r

Ω2r
= ρh. (9)

IV. SYSTEM ANALYSIS

A. BER Analysis

During our analysis, it will be assumed thatγh stays in the same CSNR interval between two

successive pilot symbols. Again, this is not a restrictive assumption, since a pilot symbol should

be transmitted at least every 10th to 20th symbol (cf. Section V-B). With parameters suggested

in the same Section and assuming that the correlation is described by theJakes Spectrum, the

correlationρ of instantaneous SNRγ with a separation of 10 or 20 symbols will be0.9995 or

0.998, respectively. The parameters suggested in Section V-B include among others a terminal

speed ofv = 30 m/s (108 km/h); as such quite conservative. A lower speed will yield higher

correlation.

The BER (averaged over all codes and all CSNRs) is given as the average number of bits in

error, divided by the average number of bits per symbol transmitted, i.e., the average spectral

efficiency (ASE) [3], [16]:

BER =

∑N
n=1 Rn · BERn∑N

n=1 RnPn

, (10)

whereRn is the information rate of coden, Pn is the probability that coden will be used, and

BERn is the average BER experienced when coden is used.

The probabilityPn is simply the probability that the predicted CSNR falls in the interval

[γn, γn+1〉, and for Rayleigh fading with MRC it can be shown [3] that

Pn = Q
(
H,

γn

rγ̄h

)
−Q

(
H,

γn+1

rγ̄h

)
(11)

whereQ(x, y) is thenormalized incomplete gamma function[17, Eq. 11.3].
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In (10), only strictly positive values ofn are used. Note thatn can also be zero, corresponding

to the CSNR interval[0, γ1〉. When the CSNR is smaller thanγ1, no information will be sent.

However, for applications without strict delay (real-time) constraints, this is of little importance

as long as the ASE is maximized (thus minimizing the overall transmit time for large information

sets).

The average BER for coden may be written [3]:

BERn =

∫ γn+1

γn

∫ ∞

0

BERn(γ | γ̂)fγ,γ̂(γ, γ̂) dγdγ̂,

n = 1, 2, . . . , N , (12)

where BERn(γ | γ̂) is the BER experienced when applying coden. The choice ofn is based on

the belief that the CSNR iŝγ, while it actually isγ. That is,n—and therefore all functions ofn—

should be viewed as dependent onγ̂ in the expressions to follow. Furthermore,fγ,γ̂(γ, γ̂) is the

joint distribution of the actual and the predicted CSNR. In our case this will be abivariate gamma

distribution[18]. This is becauseγ andγ̂ are both individually gamma distributed (cf. Section III-

A) and mutually correlated (cf. Section III-B). The reader is referred to Tanget al. [8] for more

details.

Definition 1 (Bivariate Gamma Distribution):The RVsX1 andX2 are described by a bivari-

ate gamma distribution with common shape parameterα > 0, scale parametersβ1 > 0, β2 > 0,

respectively, and correlation coefficientρ = Cov(X1,X2)√
Var(X1)Var(X2)

(0 ≤ ρ ≤ 1) if their joint PDF is

given by

fX1X2(x1, x2) =
(x1x2)

(α−1)/2

Γ(α)(β1β2)(α+1)/2(1− ρ)ρ(α−1)/2

× exp
(
−x1/β1 + x2/β2

1− ρ

)
× Iα−1

( 2
√

ρ

1− ρ

√
x1x2

β1β2

)
U(x1)U(x2). (13)

Here,Γ(·) is thegamma function(see e.g. [19, Eq. 8.310-1]),Iν(·) is theModified Bessel function

of the first kind and orderν (see e.g. [19, Eq. 8.445]) andU(·) is the Heaviside step function

(see e.g. [19, p. xliv]). We use the shorthand notationX1, X2 ∼ G(α, β1, β2, ρ) to denote that

X1 and X2 follow a bivariate gamma distribution. Whenρ → 0, the joint PDF reduces to the

product of two univariate gamma PDFs (with the aid of [20, Eq. 9.6.7].)
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The key to further analysis of the general BER expression (10) is to approximate the BER–CSNR

relationship for coden by an analytical expression which will make the integral (12) solvable.

Such an expression will be dependent of the type of codes assumed. Holeet al. [5], [16]

demonstrated that a very good fit to the actual BER–CSNR relationship formultidimensional

trellis codeson AWGN channels could be found by applying the expression

BERn(γ | γ̂) =

an · exp (− bnγ
Mn

) whenγ ≥ γl
n

1
2

whenγ < γl
n

(14)

where an and bn are code-dependent constants which may be found by least-squares curve

fitting to simulated BER–CSNR data on AWGN channels.Mn is the number of points in the

symbol constellation used by the trellis code. The exponential part of the formula in (14) is a

very good approximation when the CSNR is high (see e.g. [5] for a theoretical argument for

this fact), but is not very good for low CSNRs. Indeed, this BER approximation could become

larger than0.5 for low CSNRs. The BER value0.5 is therefore introduced along with the

boundaryγl
n = ln(2an)Mn/bn, which is the smallest CSNR ensuring that the exponential BER

approximation does not exceed0.5. The resulting curve approximation is depicted in Fig. 3, for

the example codesn = 1, 2, 3 used in [5]. For clarity of presentation, and since the same trends

are seen for all the codes, we have excluded codes5, . . . , 8 in this figure.

It is seen that the exponential approximation in (14) is very accurate for BER levels below

10−1. For BERs between10−1 and 0.5, the approximation tends to produce a somewhat larger

value than the true BER, in effect acting as an upper bound. One would perhaps expect that

the overall effect would be to make our results somewhat conservative. However, experiments

have shown that the overall approximation of the average BER in our ACM context is in fact

quite insensitive to this over-estimation of the individual BER curves at values above10−1. We

attribute this to the fact that when the individual BER curves are averaged, the values in this

region are weighted by very small probabilities—in other words, it is in practice very unlikely

that a code resulting in instantaneous BER above10−1 will be chosen for use in the ACM

system. Therefore, it is of little or no consequence to our results that the BER approximation is

too large in this region.

Also, one should keep in mind that the simulated BER performance points have been found

assuming perfect coherent detection. At low CSNRs this is hard to maintain in practical systems;
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thus the simulated BER points are probably too optimistic compared to a real system, and the

true BER performance will lie closer to our upper bound for low CSNRs.

In the subsequent analysis, we assume that multidimensional trellis codes are used as com-

ponent codes in the adaptive coder. This is justified by their good performance in ACM as

demonstrated e.g. in [5]. (14) will therefore be employed from now on.

After applying (14) to (12), the result can be expressed as a sum of three integrals:

BERn =

∫ γn+1

γn

{J 1(n, γ̂)− (J 21(n, γ̂)− J 22(n, γ̂))} dγ̂

= I1(n)− (I21(n)− I22(n)), (15)

where

J 1(n, γ̂) =

∫ ∞

0

an exp

(
−bnγ

Mn

)
fγ,γ̂(γ, γ̂) dγ (16)

J 21(n, γ̂) =

∫ γl
n

0

an exp

(
−bnγ

Mn

)
fγ,γ̂(γ, γ̂) dγ (17)

J 22(n, γ̂) =
1

2

∫ γl
n

0

fγ,γ̂(γ, γ̂) dγ (18)

and I1(n), I21(n), andI22(n) are integrals ofJ 1(n, γ̂), J 21(n, γ̂), andJ 22(n, γ̂), respec-

tively. Manipulations as shown in [11] yield closed-form expressions for these three integrals.

They can now be expressed as follows:

I1(n) = an

(
1

bnγ̄h

Mn
+ 1

)H

×

[
Q

(
H,

γn

γ̄hr
·

bnγ̄h

Mn
+ 1

(1− ρ) bnγ̄h

Mn
+ 1

)

−Q

(
H,

γn+1

γ̄hr
·

bnγ̄h

Mn
+ 1

(1− ρ) bnγ̄h

Mn
+ 1

)]
, (19)
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I21(n) = an

∞∑
k=0

Γ(k + H)

Γ(k + 1)Γ(H)

(
ρ

1− ρ

)k

×
(

1
bnγ̄h

Mn
+ 1

1−ρ

)k+H

×
[
1−Q

(
k + H, γl

n

( bn

Mn

+
1

(1− ρ)γ̄h

))]
×

[
Q

(
k + H,

γn

(1− ρ)γ̄hr

)
−Q

(
k + H,

γn+1

(1− ρ)γ̄hr

)]
, (20)

and

I22(n) =
1

2

∞∑
k=0

Γ(k + H)

Γ(k + 1)Γ(H)
ρk (1− ρ)H

×
[
1−Q

(
k + H,

γl
n

(1− ρ)γ̄h

)]
×

[
Q

(
k + H,

γn

(1− ρ)γ̄hr

)
−Q

(
k + H,

γn+1

(1− ρ)γ̄hr

)]
. (21)

While these expressions are admittedly very complex, it is easy to see thatI1(n), I21(n),

andI22(n) are strongly dependent on the value of the ratior of the expectations, and on the

correlation coefficientρ of the predicted and the true CSNR. In addition, they are all functions of

the number of receive antennasH and of the expected valuēγh of the CSNR. It will also be seen

later that the expressions yield numerical results that are easy to interpret and which correspond

with intuition. Other parameters affecting the average BER are the curve fitting parametersan, bn,

Mn, γl
n (constant for a given set of transmitter–receiver pairs), and the CSNR interval thresholds

γn (constant for a given target BER).

The last component of (10) that is needed in order to calculate BER, is the information rate

of each code,Rn ∈ {1, 2, . . . , N}. For the case when2G-dimensional (G ∈ Z+) trellis codes

are used, coden’s information rate can be expressed as follows [5], [11], [16]:

Rn = (log2(Mn)− 1/G) · L− 1

L
. (22)

Every Lth channel symbol is a pilot symbol and consequently can not convey information; this

is reflected in (22).
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We are now able to combine (11), (15), (19)–(21), and (22), to obtain the average BER

from (10).

B. Average Spectral Efficiency

The ASE is defined as the average transmission rate divided by the bandwidth, and it can be

calculated as the average number of bits per channel symbol; i.e., the denominator of (10):

ASE =
N∑

n=1

RnPn

=
N∑

n=1

(
log2(Mn)− 1/G

)
·
(

L− 1

L

)
·
(

Q
(
H,

γn

rγ̄h

)
−Q

(
H,

γn+1

rγ̄h

))
(23)

Note that the ASE as defined above is a meaningful measure of system performanceonly

as long as the target BER constraint is fulfilled. If the BER becomes greater than BER0, the

system does not provide the desired transmission reliability, and the received data stream might

be meaningless to the end user.

V. MAP-OPTIMAL RAYLEIGH FADING ENVELOPE PREDICTION

In this section we state the MAP-optimal solution for a fading envelope predictor in Rayleigh

fading, and analyze its properties. Note that in an actual implementation of an ACM system, it is

probably more feasible to utilize a less complex and thus sub-optimal predictor. The choice of a

MAP-optimal solution is made out of a desire to investigate the influence on ACM performance

of the best possiblelinear predictor (in an mean-square error sense), for any predictor order.

The trade-off between complexity and optimality in a practical system is a subject for further

research.

It is shown in [21] and [11] that the MAP-optimal prediction filter coefficient vector for the

complex fading amplitude on a Rayleigh channel can be expressed as follows:

fT
j,MAP = rT

j

(
R +

1

γ̄h

I

)−1

. (24)

Remember that thej time index denotes the delay counted in number of channel symbols. As

noted earlier, we shall restrict ourselves to predicting the channel only at pilot symbol instants
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(meaning that it is assumed that every transmitted codeword starts with a pilot symbol). The

components of (24) consist of the vectorrT
j which contains the correlation between the fading

at the pilot symbol instants and the fading to be predicted at time instanti + j, and the matrix

R, which is the autocorrelation matrix of the fading at the pilot symbol instants. Introducing

the correlation functionR(τ), which describes the normalized correlation between two instances

of fading as a function of the time delayτ between them, components ofrT
j and R can be

expressed as follows:

[rj]k =
1

Ω
E[zh(i + j)zh(i− kL)] = R((j + kL)Ts) and (25)

[R]kl = R(|k − l|LTs). (26)

When the familiarJakes spectrumis used (see for instance [3, Sec. 5], [9, Sec. 2.1], or [14,

Sec. 12.2.3],) the correlation functionR(τ) will have the following expression:

R(τ) = J0(2πfDτ) (27)

whereJ0(x) is the 0th order Bessel function of the first kind.fD = v
c
fc [Hz] is the Doppler

spread [9] due to terminal mobility at velocityv [m/s] and carrier frequencyfc [Hz]. c [m/s] is

the speed of light. In the numerical results to follow, we have used fading correlation described

by (27). However, we repeat that this is not a restriction in our theoretical framework.

A. Ratio and Correlation Coefficient

When the MAP-optimal predictor is used, the ratior of the expected CSNRs (γ, γ̂) and the

correlation coefficient (ρ) between the estimated and the true squared channel gain are equal,

and given by the following equation [11]:

ρ = rT
j (R + 1

γ̄h
I)−1rj = r. (28)

This can be shown as follows: For a MAP-optimal predictor, the filter coefficientsfj are

described by (24). Inserting this expression into the formula for the ratior in (32) from the

Appendix, and noting that all the quantities in the expression are real-valued, we obtain

r = fT
j (R +

1

γ̄h

I)fj = rT
j (R +

1

γ̄h

I)−1rj. (29)

From (24) and (29) we see that the numerator of the expression forρ in (41) becomesr2 when

the MAP-optimalfj from (24) is inserted, which yields the desired result, (28).
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B. Illustration of the Prediction Advantage

The discussion here will be concerned with the correlation coefficientρ. Sinceρ and r are

shown to be equal in the MAP-optimal case, it will apply to both of them.

An illustration of the advantage of employing an optimized predictor is shown in Fig. 4. The

correlation coefficient is there plotted as a function of the normalized time delayfDTs · j for the

MAP-optimal predictor (solid) and for the case when the last received pilot symbol—divided

by the pilot symbol value—is used as a prediction (dash-dotted). The latter is also shown for

the case when there is no noise on the channel (dashed). Relevant parameters are the carrier

frequencyfc = 2 GHz and a terminal velocityv = 30 m/s (108 km/h); the resulting Doppler

spread is consequentlyfD = 200 Hz. Assuming a transmission bandwidth ofB = 400 kHz and

Nyquist signalling, the symbol duration isTs = 2.5 µs, and the normalized Doppler spread will

be fDTs = 5 · 10−4. Other parameters employed in Fig. 4 are expected CSNRγ̄h = 20 dB and

prediction filter lengthK = 1000. The pilot symbols are inserted every 10th channel symbol,

i.e., L = 10. Thus, the past horizon used by the predictor in this case spans the last 10 000

symbol periods, sampled at 10-symbol intervals.

The expression forρ in (28) is easily seen to be dependent onγ̄h—an increase in the expected

CSNR will naturally cause an increase ofρ, as is illustrated in Fig. 5 by lettinḡγh run from

0 dB to 40 dB.

Some comments on the choice of pilot symbol period are in order. The pilot symbol transmis-

sion and detection can be viewed as sampling of a band-limited process. The Doppler spectrum

is typically band-limited tofD [9, Ch. 2]; thus the pilot symbols should be transmitted at a

rate of at least2 · fD, according to the sampling theorem [22]. Hence,L ≤ 1/(2fDTs), and any

L ≤ 1000 would yield adequate sampling when the Doppler spread isfDTs = 5 ·10−4. However,

note that this is only valid when the pilot symbols are not corrupted by noise, which is always

present in a wireless communication system. Meyret al. [14, Sec. 14.2.2] suggest that if the

system throughput is to be maximized, pilot symbols need to be transmitted at much smaller

intervals than the Nyquist interval suggested by the Doppler spectrum on a noisy channel. As

Fig. 6 illustrates, relatively small variations ofL yields substantial improvement ofρ—even

when L is several orders of magnitude smaller than 1000. The variations in correlation are

most notable for the smaller CSNRs. Forγ̄h = 0 or 10 dB, the relative gain of decreasing the
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pilot symbol spacing fromL = 15 to 5 is substantial compared to when the CSNR is more

advantageous. As will be shown in the next section, the BER performance also benefits from

the oversampling following from a smallerL.

The number of pilot symbols upon which the prediction is done must of course be limited,

yet remain sufficiently high. Meyret al. [14, Sec. 14.2.2] claim that quasi-optimal performance

will be achieved if(K/2)L � 1/(fDTs), for non-causal detection. A practical problem is then

that the filter orderK can easily become very large ifL is to be kept small. For instance,

with parameters from the discussion above (fDTs = 5 · 10−4 and L = 10), K � 400. For

L = 5, K � 800. Fortunately, the results indicate thatL may be decreased without necessarily

increasingK correspondingly; note for instance thatK is kept constant atK = 1000 in Fig. 6.

The effect of increasing the filter order while keepingL constant is shown in Fig. 7. Several

authors have viewed the fading as an auto-regressive process [23], [24], which may explain the

minute advantage of increasingK compared to the improvement resulting from decreasingL

shown in Fig. 6.

To sum up, our choice of predictor orderK = 1000 in subsequent experiments is not seen as

a practical predictor length, but rather intended as an approximation to the use of an infinite-

order predictor, taking the entire past into account. This results in quasi-optimal performance,

i.e., it approximates the best possible predictor performance for our channel model. Practical

predictors will always result in a performance deterioration compared to these results. Some

more experimental results illustrating the effects of reducing the predictor order are provided

in [25].

VI. EXAMPLE SYSTEM

In order to assess bounds for the performance of a system incorporating antenna diversity and

channel prediction, a specific system similar to the one in [5] is investigated. Thean and bn

parameters for the BER expression of the individual codes are summarized in Table I with the

calculated thresholdsγn between the CSNR intervals.

Parameters not directly tied to the codes, albeit dependent on the implementation, are the carrier

frequencyfc = 2 GHz, a bandwidth ofB = 400 kHz, and a terminal velocity ofv = 30 m/s. A

prediction filter length ofK = 1000 is utilized.
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A. BER Performance

In order to calculate the average BER, the expressions from Section IV-A are employed. In

Fig. 8, the BER has been plotted as a function of subchannel CSNR and of feedback delay, for

a pilot symbol spacing ofL = 10. It is assumed that the system uses two receive antennas and

combines the signals with MRC. When a target BER0 is decided, the operation of the system

will be acceptable whenever BER< BER0. When BER> BER0, the system does not operate

properly. The shape of the BER surface is therefore not significant, except for the contour at

BER0 = 10−4. In Fig. 9, the contour lines at BER= 10−4 have been plotted for pilot symbol

spacingL = 5, 10, 15, and forH = 1, 2, and4 receive antennas. The middle (dashed) line for

H = 2 corresponds to the contour curve at BER= 10−4 in Fig. 8. The figure shows that a large

improvement (in the form of lowering the CSNR requirements, or equivalently, allowing for a

longer delay) can be achieved by using more than one receive antenna. Naturally, decreasing the

pilot symbol spacing will also lead to some performance gain since the quality of the predicted

instantaneous CSNR is increased.

When the CSNR is10 dB and when everyL = 10th channel symbol is a pilot symbol,H = 1

receive antenna and the vehicle speed, carrier frequency and transmission bandwidth assumed

earlier lead to an acceptable normalized delay ofj ·fDTs = 0.038. This corresponds to an actual

delay ofj ·Ts = 190 µs or j = 76 symbols. Increasing the number of receive antennas toH = 2

leads to an acceptable delay of350 µs. Note that the CSNR here is the CSNRper antenna

branch, and the CSNR after MRC will be approximately13 dB.

B. ASE Performance

As explained in the previous section, the BER can largely be divided into two regions—

acceptable (smaller than BER0) and unacceptable (larger than BER0). The BER analysis is

therefore significant mainly for determining acceptable operation regions. As long as the system

can be relied upon to operate at acceptable BER levels, the ASE is the key performance feature.

Using the expression in (23), the ASE is in Fig. 10 plotted as a function of CSNR and of delay

(similarly to in Fig. 8). The contour shown on the resulting 3-dimensional curve corresponds

to the BER contours in Fig. 9, and divides the ASE curve into a “relevant” part (where the

BER conatraints are fulfilled, to the left of the contour) and a “irrelevant” part (where the

BER constraints are violated, to the right of the contour). As Fig. 10 indicates, as long as
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the system is in the acceptable operating region, ASE seems to be almost independent of the

normalized time delay. This is reasonable, since the delay only affects the expected valuerγ̄h of

the predicted CSNR, which appears in the second argument to the normalized incomplete gamma

function in (23). Another way to state this is that the probability of using each individual code

is not changed very much by varying the delay, even though increased delay of course means

increased probability of using each code incorrectly. Thus, at some given normalized time delay

value, which is very dependent on the expected subchannel CSNR, the system slides into the

“unacceptable” region to the right of the contour.

In Fig. 11, the ASE is plotted for zero delay, as a function of the expected subchannel CSNR.

Plots have been made forL = 5, 10, 15, and forH = 1, 2, and4 receive antennas. It is apparent

that the ASE reaches a ceiling when the CSNR grows large, the ceiling being dependent onL.

The reason is that the2G-dimensional codes have a spectral efficiency oflog2 Mn−1/G. For the

system considered here,G = 2. The spectral efficiency of the largest code (and hence the largest

possible spectral efficiency for the set of codes) is consequently8.5. Remember, however, that the

spectral efficiency of the system under consideration is also affected by the pilot symbol spacing

L. A smallerL naturally leads to a smaller relative part of the transmission time being available

for transmission of information. Thus the maximal possible ASE isR8 = 8.5 · (L − 1)/L. For

L = 15 the maximal possible ASE is7.933, decreasing to6.8 for L = 5.

It is here emphasized that the CSNR under consideration is again the subchannel CSNR, thus

most of the difference between theH = 1, 2, and4 curve bundles in Fig. 11 stems from the

γ̄ = Hγ̄h gain. Even if the results for the BER in Fig. 9 were also affected by the beneficial total

CSNR of an MRC system when increasing the number of antennas, the BER takes advantage

of the lower variance of the underlying gamma distribution whenH is increased. This is not

the case for the ASE.

VII. D ISCUSSION ANDCONCLUSIONS

The results obtained reveal that delay in the feedback channel and erroneous CSI due to

noise may have a significant impact on the BER in an ACM system. The increased BER limits

the region where the system can operate reliably with respect to permitted delay and average

CSNR. However, using MAP-optimal fading envelope prediction, the results show that ACM

is still feasible also for practical feedback delays and channel model parameters. In an actual
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implementation of an ACM system, it might however be more feasible to utilize a less complex

and thus sub-optimal predictor. The trade-off between complexity and optimality is a subject for

further research.

The system under consideration utilizes pilot symbols with fixed power, and equal pilot symbol

and information symbol power. It has not been claimed here that this is optimal; indeed, for

uncoded adaptive modulation it has recently been shown that it is not [26]. More power to the

pilot symbols yields a better estimate, whereas less pilot symbol power would leave more to the

actual transmission of data. A system where the pilot symbol power is adapted to the channel

quality might also be considered. Similar arguments apply to the pilot symbol spacing. Decreasing

the pilot symbol spacing under adverse channel conditions might yield a better channel estimate

which in turn could cause a lower overall BER—or equivalently a larger operating region.

Finally, we re-emphasize the following: Our numerical examples here are obtained for an ACM

system with CSNR thresholds chosen to fulfill the target BER constraint under the assumption

of perfect CSI. However, our analytical framework allows for any choice of CSNR thresholds.

By varying the thresholds we will perform a trade-off between ASE and system robustness

with respect to faulty CSI. Increasing the thresholds will mean a smaller ASE, but a higher

tolerance against feedback delay and noise. Analytically based approaches for performing such

an increase are suggested in [26] for uncoded adaptive modulation, and in [27] for a similar

ACM framework as that considered in this paper. One avenue for future research is to combine

the analytical framework in this paper with these approaches, to explore the possible trade-offs

in the ASE-robustness design space.

APPENDIX

STATISTICAL PROPERTIES OF THEPREDICTED FADING AMPLITUDE

Tanget al. [8] derive general formulas for the expectation of the square of a linear, non-causal

estimate of the fading amplitude, and for the power correlation coefficient between the estimate

and the true fading amplitude. It is here demonstrated that the formulas also apply to the case

of linear prediction.
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A. Expectation of̂α2

The expectation of̂α2 (or, equivalently, the variance of̂zh) can be expressed as follows:

Ω̂ = E[α̂2] = E[|ẑh|2] = E[|fH
j z̃h|2] = fH

j E[z̃hz̃
H
h ]fj

= fH
j

(
E[zhz

H
h ] +

1

a2
p

E[nhn
H
h ]

)
fj (30)

wherenh is the noise accompanying the fadingzh. Since the noise is assumed to be white, its

covariance matrix is simply theK ×K identity matrix multiplied by the noise varianceN0B.

Thus,

Ω̂ = ΩfH
j Rfj +

N0B

a2
p

‖fj‖2 (31)

Defining r as the ratio of thêΩ to theΩ, and assuming thatap =
√

P whereP is the average

transmit power, we obtain

r =
Ω̂

Ω
= fH

j Rfj +
‖fj‖2

γ̄h

. (32)

B. Correlation Coefficient

In calculating an expression for the correlation coefficientρ =
E[α̂2

hα2
h]−Ω2r

Ω2r
between the

predicted and the true value of the CSNR at time index(n + j), we first concentrate on the

correlation between̂α2
h andα2

h:

E[α̂2
hα

2
h] = E[|fH

j z̃h|2 · |zh(n + j)|2]

= fH
j E[(zh +

1

ap

n)(zH
h +

1

ap

nH) · |zh(n + j)|2]fj. (33)

Since noise and fading are statistically independent and both zero-mean,

E[α̂2
hα

2
h] = fH

j E[zhz
H
h · |zh(n + j)|2

+
1

a2
p

nnH · |zh(n + j)|2]fj

= fH
j E[zhz

H
h · |zh(n + j)|2]fj + Ω

N0B

a2
p

‖fj‖2. (34)

Again invoking the assumption thatap =
√

P , using γ̄h = Ω·P
N0B

, and introducingzr,h = Re(zh)

(and similarly for the scalarzh(n + j)), where Re(·) indicates the real part (in-phase or I-
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component) of a complex baseband symbol,

E[α̂2
hα

2
h] = 2fH

j E[zr,hz
T
r,h · z2

r,h(n + j)]fj

+ 2fH
j E[zr,hz

T
r,h]E[z2

r,h(n + j)]fj +
Ω2

γ̄h

‖fj‖2. (35)

SinceE[zhz
H
h ] = E[zr,hz

T
r,h] + E[zi,hz

T
i,h] = ΩR, andE[zr,hz

T
r,h] = E[zi,hz

T
i,h],

E[zr,hz
T
r,h] =

Ω

2
R, (36a)

and it turns out that similar expressions exist for the scalar variance/cross-correlation expressions,

namely,

E[zr,hzr,h(n + j)] =
Ω

2
rj and E[z2

r,h(n + j)] =
Ω

2
. (36b)

Thus it can be concluded that,

E[α̂2
hα

2
h] = 2fH

j E[zr,hz
T
r,h · z2

r,h(n + j)]fj

+
1

2
Ω2fH

j Rfj +
Ω2

γ̄h

‖fj‖2 (37)

It is known (see for instance [28, Sec. 8-2]) that, for zero-mean, real, Gaussian RVsa, b, c, and

d, the following formula can be used to find the fourth-order moment:

E[abcd] = E[ab]E[cd] + E[ac]E[bd] + E[ad]E[bc]. (38)

It is demonstrated in [11] that the above formula may also be used when two of the RVs are

column vectors,

E[abcdT] = E[ab]E[cdT] + E[ac]E[bdT] + E[bc]E[adT]. (39)

With (39) in mind, and utilizing the expression forr from (32),

E[α̂2
hα

2
h] = 2fH

j

(
E[zr,hz

T
r,h]E[z2

r,h(n + j)]

+ 2E[zr,hzr,h(n + j)]E[zT
r,hzr,h(n + j)]

)
fj

+
1

2
Ω2fH

j Rfj +
Ω2

γ̄h

‖fj‖2

= 4fH
j

(Ω

2
rj

Ω

2
rT

j

)
fj + Ω2fH

j Rfj +
Ω2

γ̄h

‖fj‖2

= Ω2|fH
j rj|2 + Ω2r (40)
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By inserting (40) in (9), the final expression for the correlation coefficient is obtained as follows:

ρ =
|fH

j rj|2

r
=

|fH
j rj|2

fH
j Rfj + 1

γ̄h
‖fj‖2

(41)
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DRAFT February 9, 2004



FIGURES 29

0 0.05 0.1 0.15 0.2 0.25
0.9

0.92

0.94

0.96

0.98

1

C
or

re
la

tio
n 

co
ef

fic
ie

nt

Normalized delay

MAP optimal
Last ML
Noiseless last ML

Fig. 4. The correlation coefficient as a function of normalized time delayfDTs · j, with CSNR20 dB, L = 10, andK = 1000.

February 9, 2004 DRAFT



30 FIGURES

0
0.05

0.1
0.15

0.2
0 5 10 15 20 25 30 35 40

0.9

0.92

0.94

0.96

0.98

1

Expected subchannel CSNRNormalized time delay

C
or

re
la

tio
n 

co
ef

fic
ie

nt

Fig. 5. The correlation coefficient as a function of normalized delayfDTs · j and expected subchannel CSNRγ̄h (in dB).
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Fig. 6. Correlation coefficientρ as a function of delay, plotted for expected subchannel CSNRγ̄h = 0, 10,. . . , 40 (measured
in dB), and for pilot symbol spacingL = 5, 10, and15. The prediction filter length isK = 1000.
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Fig. 7. Correlation coefficient plotted analogously to Fig. 6, however, the pilot symbol spacing is kept still atL = 10 and the
filter order is varied fromK = 500 to K = 1500.
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Fig. 10. ASE as a function of feedback delay and expected subchannel CSNR (in dB).L = 10, H = 2. Note that the ASE is
almost independent of the feedback delay when normalized time delay is in the region0–0.25 (the biggest delay corresponding
to an actual delay of1.25 ms for the simulation parameters otherwise employed.)
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Fig. 11. ASE as a function of expected subchannel CSNR (in dB), plotted for variousL andH, for zero delay.
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38 TABLES

TABLE I

PARAMETERS an AND bn FOR THE EXAMPLE CODEC, ALONG WITH THRESHOLDSγn FOR TARGETBER0 = 10−4.

n Mn an bn γn (dB)

1 4 188.7471 9.8118 7.7
2 8 288.8051 6.8792 12.4
3 16 161.6898 7.8862 14.6
4 32 142.6920 7.8264 17.6
5 64 126.2118 7.4931 20.8
6 128 121.5189 7.7013 23.7
7 256 79.8360 7.1450 26.9
8 512 34.6128 6.9190 29.7
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