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ABSTRACT

Adaptive coding and modulation (ACM) is a technique de-
signed to combat the temporal variations of (slow) mul-
tipath fading channels. The main objective of an ACM
scheme is to improve the spectral efficiency (SE) while ac-
commodating a predefined bit error rate. Theaverage spec-
tral efficiencyof an ACM scheme can be measured against
the channel capacity for idealized conditions such as per-
fect knowledge of future states of the communication chan-
nel, the ability to instantly change channel code when the
channel quality changes, and use of infinitely many channel
codes of arbitrary length. Clearly, these conditions do not
hold for a practical system. In this paper we shall present
upper bounds on the SE of an ACM scheme that take into
account imperfect knowledge of the channel state informa-
tion, and a limited number of codecs. These bounds are also
found for a given constant of the outage probability.

I. I NTRODUCTION

Adaptive coded modulation(ACM) schemes utilize a set of
channel codes and modulation techniques (“codecs”) with
different spectral efficiencies (SEs) [bits/s/Hz] to transmit
information on flat fading channels [1, 2, 3]. The bit error
rate (BER) versus channel signal-to-noise ratio (CSNR) for
each codec on an additive white Gaussian noise (AWGN)
channel must be known. Then a CSNR threshold is defined
for each codec such that it guarantees a BER below a cer-
tain target BER, denoted BER0, when the CSNR is above
the CSNR threshold. Thechannel state information(CSI)
at a future time instant is obtained by predicting the future
CSNR at the receiver. The CSI is communicated to the
transmitter via a separate feedback channel. The transmit-
ter uses this information to select the codec with the highest
SE, among the available codecs, that satisfies the BER de-
mand. The overall transmission scheme will have a low
SE when the predicted CSNR is low and a high SE when
the predicted CSNR is high. Theaverage SE(ASE) of an
ACM system is found by averaging the available SE over
the fading distribution.

Assuming perfect prediction of future CSNR values and
assuming the fading to be approximately constant during a
given time interval, a simplecodec selection strategy(CSS)
can be found by employing the CSNR thresholds discussed
in the previous paragraph asswitching thresholds. In prac-
tice however, the channel prediction is not perfect. The
system can be made more robust towards channel predic-
tion errors by increasing the switching thresholds so as to
be more conservative in the choice of codecs.

The performance in terms of ASE can be compared to

channel capacity, but since a practical ACM scheme em-
ploys a limited number of codecs a more realistic reference
is the optimalmaximum ASE for ACM(MASA) [4]. In [4]
the optimal MASA was found for the case of perfect chan-
nel prediction. This result can be used as an ultimate upper
bound on the ASE of an ACM scheme withN codecs.

In this paper we shall also obtain bounds for the ASE of
an ACM scheme withN component codecs, but now im-
perfect channel prediction is also taken into account, under
the requirement that the average BER of each codec is less
than BER0. The resulting MASA (in [4]) may result in a
high outage probability. The method is therefore extended
to optimize the MASA under an outage constraint.

II. SYSTEM MODEL

A. The communication channel

We shall consider the system in Figure 1. The commu-
nication channel under consideration is a time-varying,
frequency-flat, slow multipath fading channel (MFC). In
the complex baseband model of the MFC the received sig-
nal can be written asy(t) = z(t) · x(t) + n(t), wherex(t)
is the transmitted complex-valued symbol,n(t) is complex-
valued AWGN, andz(t) is the complex fading gain. The
instantaneous and average CSNR are defined as

γ(t) =
|z(t)|2 · P

N0B
(1)

and

γ = E[γ(t)] =
Ωp · P
N0B

, (2)

respectively, whereP [W] is the average transmit power,
N0 [W/Hz] is the one-sided noise power spectral den-
sity, B [Hz] is the one-sided transmission bandwidth, and
Ωp = E[|z(t)|2] is the average power gain. We shall as-
sume that the magnitude of the received complex fading
envelope|z(t)| has a Rayleigh distribution [5]. Then, the
CSNR has an exponential distribution with expectationγ:

pγ(γ) =
1
γ

e−
γ
γ . (3)
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Figure 1: System model.



B. Adaptive coding and modulation

The system in Figure 1 consists of a transmitter and receiver
employingN component codecs, the communication chan-
nel, and a separate return channel which is assumed free of
errors, but with a nonzero delay. The codecs are indexed
by n ∈ {1, 2, . . . , N} and designed for AWGN channels
at different CSNRs. The range of possible CSNR values
on the MFC,γ ∈ [0,∞〉, is divided intoN + 1 CSNR re-
gions byN + 2 CSNR thresholds denotedγn as outlined
in Figure 2, withγ0 = 0 and γN+1 = ∞. The CSNR
falls into CSNR regionn whenγn ≤ γ < γn+1, n ≥ 0.
The CSNR thresholdsγ1, γ2, . . . , γN are based on the BER
performance for each of theN codecs on AWGN channels,
and are selected such that the BER of codecn is less than
or equal to BER0 whenγ ≥ γn, n ≥ 0 (we refer to [3] for
details). The fundamental idea of an ACM scheme is that
whenγ ∈ [γn, γn+1〉, codecn is the codec with highest SE
that guarantees a BER below the target BER. Thus, it is as-
sumed thatR1 < R2 < · · · < RN , whereRn denotes the
SE of codecn. When the CSNR falls in the zeroth region,
theoutageregion, none of the employed codecs can guar-
antee a BER below the target BER. The ASE of the ACM
scheme is defined as [1]

ASE =
N∑

n=1

Rn · Pn [bits/s/Hz], (4)

wherePn is the probability of codecn being used.
The CSI, the index of the selected codec, is obtained by

channel prediction. After the prediction, the appropriate
codec indexn selected by the CSS is transmitted from the
receiver to the transmitter on the separate return channel.
When the CSI changes, the transmitter and receiver adapt—
i.e. perform a codec update—to maximize the SE.

In order to provide the ACM scheme with information
on the fading envelope we shall assume that a maximum
a posteriori (MAP) optimal predictor is employed [6]. In
this case the predicted CSNR follows an exponential distri-
bution with expectationργ [6], whereρ is thenormalized
correlationbetween the actual and predicted CSNR. In [6]
the performance of a MAP-optimal predictor was investi-
gated, and it was found thatρ is a function ofγ (as well as
of the maximal Doppler spread and the return channel de-
lay). The general bounds obtained in this paper depends on
both the correlationρ andγ.

C. Codec selection strategies

Since the actual CSNR is unknown at the receiver we define
a CSS as a set new set of thresholds that are used to select a
codec based on the predicted CSNR. The switching thresh-
olds are denoted{sn}N+1

n=0 with s0 = 0 andsN+1 = ∞.
Codecn is selected when̂γ falls in switchingregionn, de-
fined as[sn, sn+1〉. The probability of selecting codecn
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Figure 2: CSNR thresholds and theN + 1 CSNR regions
corresponding toN codecs.

can then be written as

Pn =
∫ sn+1

sn

pbγ(γ̂)dγ̂ =
∫ sn+1

sn

1
ργ

e−
bγ

ργ dγ̂. (5)

When γ̂ ∈ [s0, s1〉 the system experiences an outage and
only pilot information is transmitted. The probability of
outage is thus given byP0 (and is found by substituting
n = 0 into (5)).

When perfect prediction is assumed (ρ = 1), the CSNR
thresholds in Figure 2 can be used as switching thresholds.
That is,sn = γn for n ∈ {1, . . . , N}. As the normalized
correlationρ is reduced (corresponding to either a lowerγ,
a larger return channel delay, or a higher terminal veloc-
ity) there is an increasing probability of mismatch between
the predicted and actual CSNR. This will result in an in-
creased BER, since the actual CSNR sometimes will fall
into a lower indexed region than the predicted CSNR. Al-
though this cannot be completely avoided with any CSS it
is desirable to control the probability of this event. It is then
natural to demand

P (γ < γn|γ̂ = sn) =
∫ γn

0

pγ|bγ(γ|γ̂ = sn)dγ = ε, (6)

whereε is some (small) constant chosen by the designer.
Thus, by increasing the switching thresholds,{sn}N

n=1, to
obtain a certain desired (sufficiently small)ε the probability
of a codec mismatch can be reduced in a more controlled
manner. As the predicted CSNR increases the probability
of a codec mismatch is reduced, and thus, ifsn is chosen to
fulfill (6),

P (γ < γn|γ̂ ≥ sn) =≤ ε. (7)

From [7] we know that the probability of the complemen-
tary event is given as

1− ε = P (γ > γn|γ̂ = sn) = Q

(√
sn

ω
,

√
γn

ω

)
, (8)

whereω =
√

γ (1− ρ) /2 and

Q (a, b) =
∫ ∞

b

xI0 (ax) e−
1
2 (a2+x2)dx (9)

is the Marcum-Q function [8]. The switching thresholds
can now be found by solving (8) with respect to everysn,
n ∈ {1, 2, . . . , N} for given values ofγ, ρ, {γn}N

n=1, and
a chosenε ∈ 〈0, 1〉. Note that a higher level of protection
against the event of choosing a code with too high SE means
a smaller value forε.

III. A N UPPER BOUND ON THEASE OF ACM

The maximum average spectral efficiency(MASE) for the
Rayleigh fading channel is the expected channel capacity in
the Shannon sense, i.e., the ultimate upper theoretical limit
for the ASE with constant power, and is given as [9, Eq.
(23)]

MASE(γ) = −e
1
γ log2(e) Ei

(
− 1

γ

)
[bits/s/Hz]. (10)

HereEi(·) is theexponential-integral function[10, Equa-
tion 8.211.1]

Ei(x) = −
∫ ∞

−x

e−t

t
dt for x < 0. (11)



The MASE can only be achieved if infinitely many codecs
are employed and perfect prediction is assumed.

The MASA presented in [4] is obtained when each of the
N < ∞ codecs employed have the maximum SE in the
corresponding CSNR regions. Following the idea in [4] we
assume that we possessN codecs that achieve capacity on
AWGN channels, and that the fading is constant between
two successive codec updates. The SE of a codec achieving
capacity atγ = γk is given as

Rk = C(γk) = log2(1 + γk) [bits/s/Hz], (12)

where C(γ) denotes the channel capacity of an AWGN
channel with CSNRγ. Each of the codecs employed are as-
sumed to perform withBER = 0 when the CSNR is above
the corresponding CSNR threshold. When the CSNR is be-
low the CSNR threshold the codecs haveBER ≤ 1

2 . To ob-
tain the MASA theN codecs must be chosen such that they
achieve capacity at the lower boundary of the correspond-
ing CSNR region (in order to have zero BER in the entire
region). The SE of codecn becomesRn = log2(1 + γn)
and the MASA

MASA =
N∑

n=1

log2(1 + γn)Pn (13)

is an upper bound on the ASE.
The objective of this paper is to obtain theN switching

thresholds{sn}N
n=1 (and the corresponding CSNR thresh-

olds) that optimize the MASA. The first step towards ob-
taining these thresholds is to choose a value forε for the
capacity achieving codecs. Then, for given values ofρ and
γ the relationship between the switching thresholds and the
corresponding CSNR thresholds are known and the MASA
can be optimized.

A. Optimal switching thresholds

Since codecn is only used when̂γ ∈ [sn, sn+1〉 the BER
of codecn averaged over all CSNRs can be written as

BERn =
∫ γn

0

≤ 1
2︷ ︸︸ ︷

BERn(γ) pγ|bγ(γ|γ̂)dγ

+
∫ ∞

γn

=0︷ ︸︸ ︷
BERn(γ) pγ|bγ(γ|γ̂)dγ

≤ 1
2

∫ γn

0

pγ|bγ(γ|γ̂)dγ ≤ 1
2
ε. (14)

Since the average BER of codecn should be less than BER0
we demand

BERn ≤
ε

2
≤ BER0 ⇒ ε ≤ 2 · BER0. (15)

The expression for the MASA in (13) contains both
γn andsn (after inserting (5)). The switching thresholds
{sn}N

n=1, which are the region boundaries for the pre-
dicted CSNR, are related to the CSNR thresholds, which
are the region boundaries for the actual CSNR, through
the Marcum-Q function in (8). To the authors’ knowledge
there does not exist a closed form expression for the in-
verse of the Marcum-Q function. But the inverse of one

of the arguments can be obtained, with a given accuracy,
using e.g. Ridders’ method [11]. That is, the inverse of
the complementary Marcum-Q function,1 − Q(a, b), with
respect to its first and second argument can be defined as
a = qa(b, ε) andb = qb(a, ε), respectively. Then the in-

verse ofQ
(√

sn

ω ,
√

γn

ω

)
with respect tosn can then be writ-

ten as (forn ∈ {1, 2, . . . , N})

γn(ε) = Ψs (sn, ε) =

{ (
ω · qb

(√
sn

ω , ε
))2

ρ < 1
sn ρ = 1.

(16)
The MASA in (13) can now be written as

MASA(ε) =
1

ln(2)

N∑
n=1

ln (1 + Ψs (sn, ε))

×
∫ sn+1

sn

pbγ(γ̂)dγ̂. (17)

The expressions for both the MASA andγn (obtained from
sn) are functions ofε. In the following we shall assume
that the upper limit onε is used: ε = 2 · BER0, and to
simplify notation we do not include theε in the expressions
throughout the rest of the paper.

B. Theoretical upper bounds

The MASA is a function of the switching thresholds
{sn}N

n=1. Thus, optimizing the MASA is done by first
obtaining the gradient of the MASA with respect to the
switching thresholds. Setting the gradient equal to zero re-
sults inN equations that can be used to find expressions for
the optimal switching thresholds. It might be desirable to
obtain the optimal MASA under a constraint on the prob-
ability of outage, e.g. if the quality of service of a com-
munication system is defined in terms of continuous trans-
mission. This can be achieved by introducing a Lagrange
multiplier, λ, into the optimization procedure as follows

∇{sn}N
n=1

(MASA + λ · Pout) = 0. (18)

Setting λ = 0, the solution to (18) yields the opti-
mal switching thresholds that produce the optimal MASA,
while λ 6= 0 yields suboptimal switching thresholds that
satisfy the demand on probability of outage,P0 = Pout.

Solving (18) (and multiplying the result withln(2)) pro-
duces the following set of equations:

pbγ (s1) (ln (2) λ− ln (1 + Ψs (s1)))

+
δ

δs1
Ψs(s1)

1+Ψs(s1)
P1

ln
(

1+Ψs(s1)
1+Ψs(s2)

)
pbγ (s2) +

δ
δs2

Ψs(s2)

1+Ψs(s2)
P2

...

ln
(

1+Ψs(sn−1)
1+Ψs(sn)

)
pbγ (sn) +

δ
δsn

Ψs(sn)

1+Ψs(sn) Pn

...

ln
(

1+Ψs(sN−1)
1+Ψs(sN )

)
pbγ (sN ) +

δ
δsN

Ψs(sN )

1+Ψs(sN ) PN



= 0

(19)
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Figure 3: Optimal MASA as a function of Pout for γ ∈
{10, 20} [dB], N ∈ {1, 2, 4}, andρ = 1 (perfect prediction
is assumed).

Then, by settingP0 = Pout, solving (5) (withn = 0) for
s1, and solving equationn in (19) for sn+1 (note: too find
the expression forsn+1 the expression forPn, in (5), must
be substituted into (19)), the following three equations are
obtained:

s1 =− ln (1− Pout) γρ (20)

s2 =s1 − γρ

× ln

(
1− 1 + Ψs (s1)

γρ δ
δs1

Ψs (s1)
ln
(

1 + Ψs (s1)
2λ

))
(21)

sn =sn−1 − γρ

× ln

(
1− 1 + Ψs (sn−1)

γρ δ
δsn−1

Ψs (sn−1)
ln
(

1 + Ψs (sn−1)
1 + Ψs (sn−2)

))
for n ∈ {3, 4, . . . , N}. (22)

That is, every switching thresholdsn (for n > 1) can be
found recursively, and as a result the MASA is a function
of s1 andλ. Whenλ = 0 the MASA can be optimized
by first obtaining the optimals1. This is done by searching
through all possible values ofs1 (or equivalently Pout ∈
〈0, 1〉). When the outage constraint is employed the value
of s1 is given from (20), and a similar search must be made
through all possible values ofλ.

IV. RESULTS AND DISCUSSION

In Figure 3 the suboptimal MASA is plotted as a func-
tion of Pout for γ ∈ {10, 20} [dB], ρ = 1 (that is, per-
fect prediction is assumed), andN ∈ {1, 2, 4}. For each
of the curves, the maximum value corresponds to the opti-
mal MASA (λ = 0). As can be seen from the results, the
MASA increases with bothN andγ. That is, for higher
values ofN an ACM system can use codecs with higher
SEs, resulting in an overall increased ASE. Increasingγ
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Figure 4: Optimal MASA as a function of Pout for γ ∈
{10, 20} [dB], N ∈ {1, 2, 4}, andρ = 0.99.
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Figure 5: Optimal MASA as a function of Pout for γ ∈
{10, 20} [dB], N ∈ {1, 2, 4}, andρ = 0.90.

increases the probability of actually having a higher instan-
taneously CSNR and thus codecs with higher SEs can be
used by an ACM scheme and the resulting optimal switch-
ing thresholds increase.

Increasing the value ofN reduces the outage probabil-
ity that result in an optimal MASA. That is, increasingN
also allows an ACM scheme to support codecs with lower
SEs, and thus the switching threshold of the first codecs1

is reduced producing a lower Pout. In addition it can be seen
from the figure that the MASA is less sensitive to changes
in the Pout asN increases. Thus, for a system employing a
high number of codecs introducing an outage demand does
not reduce the MASA as much as for a system employing
a low number of codecs. Increasing the average CSNR in-
creases all the optimal thresholds since the probability of
predicting a higher CSNR increases. Thus,s1 increases
with γ. Then, reducings1 according to a decrease in Pout

results in a larger decrease as the average CSNR increases.
In Figures 4 and 5 the correlation was reduced toρ =

0.99 and ρ = 0.90, respectively. (As an example, tak-



ing a carrier frequencyfc = 2 GHz terminal velocityv =
30 m/s,γ = 20[ dB], a return channel delay ofτ = 500 µs,
and a MAP-optimal predictor of orderK = 1000 and pilot
symbol spacingL = 10, the normalized correlation will be
ρ ∼= 0.995. At γ = 10 [dB], ρ ∼= 0.975). Comparing these
figures and Figure 3 it can easily be seen that the suboptimal
MASA decreases with decreasedρ. Also, the value of Pout

that results in the optimal MASA increases with decreased
ρ. That is, as the correlation is reduced the probability of the
predicted CSNR falling in a higher indexed CSNR region
than the actual CSNR increases, and thus all the optimal
switching thresholds must be increased when the correla-
tion is reduced. The sensitivity to changes in Pout is less for
lower values ofρ. This results from the fact that although
the switching thresholds increase the CSNR thresholds may
decrease and thus so does the SE of each codec and thus the
overall MASA. Then by reducings1 according to a reduced
Pout the SE of the first code is already very low and does not
contribute much to the overall ASE.

Also, by comparing the figures it can be seen that the
optimal MASA increases more for increasing values ofN
whenγ increases. That is, when the channel conditions are
good the increased gain in terms of SE by adding another
codec is higher than for the case of a severely noisy and
fast varying channel. Since the MASA is not sensitive to an
outage constraint for low values ofγ it might therefore be
sufficient to employ only a small number of codecs.

When the normalized correlationρ is severely reduced,
the gain from adding another codec is not very high.
Furthermore, the optimal MASA for an ACM scheme is
severely reduced. It can therefore be concluded that ACM
should only be employed on systems where the normalized
correlation is sufficiently high.

V. CONCLUDING REMARKS

We have found bounds for the ASE of a rate adaptive com-
munication scheme employing a limited number of codecs
when imperfect channel knowledge is taken into account.
The correlation between predicted and actual values of
the fading envelope affects the bound in the sense that
the bound is reduced as the correlation is reduced. Like-
wise, the bound increases with increasing average CSNR.
It should be noted that the correlation between predicted
and actual correlation itself depends on the average CSNR
as well as on the choice and complexity of the predictor
employed by the ACM scheme.

The bound was found by first presenting a unified tool for
optimization of switching thresholds in rate adaptive com-
munication. This tool also includes the possibility of intro-
ducing an upper limit on the probability of outage, since op-
timizing the switching thresholds may produce a very high
outage probability. The results presented here show that
as long as the average CSNR is sufficiently high there is a
substantial gain in having more than two codecs in an ACM
scheme.

By introducing an outage demand the optimal MASA is
reduced. However, the reduction in suboptimal MASA is
highest for a low number of codecs. Thus, for a system with
a very strict demand on the outage probability it is benfitial

to use an ACM scheme with more than two codecs.
The results presented also shows that employing ACM

should only be considered when the normalized correlation
ρ is sufficiently high in the sense that there is a substantial
gain in terms of SE by using more than one codec.
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